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CHEN’S PRIMES AND TERNARY GOLDBACH PROBLEM
HONGZE LI AND HAO PAN
Abstract. We prove that there exists a k0 > 0 such that every sufficiently
large odd integer n with 3 | n can be represented as p1 + p2 + p3, where p1, p2
are Chen’s primes and p3 is a prime with p3 + 2 has at most k0 prime factors.
1. Introduction
Let P denote the set of all primes. Define
Pk = {n : n ∈ N and n has at most k prime divisors}
and
P(2)k = {p ∈ P : p+ 2 ∈ Pk}.
The well-known twin primes conjecture asserts that P(2)1 has infinitely many ele-
ments. Nowadays, the best result on the twin primes conjecture belongs to Chen
[1], who proved that P(2)2 has infinitely many elements. In fact, Chen proved that
for sufficiently large x,
|{p ∈ P(2)2 : p ≤ x, (p+ 2, P (x1/10)) = 1}| ≫
x
(log x)2
,
where
P (z) =
∏
p<z
p.
In Iwaniec’s unpublished notes [10], the exponent 1/10 can be improved to 3/11.
In [6], Green and Tao say a prime p is Chen’s prime if p ∈ P(2)2 .
On the other hand, in 1937 Vinogradov [18] solved the ternary Goldbach problem
and showed that every sufficiently large odd integer can be represented as the sum
of three primes. Two years later, using Vinogradov’s method, van der Corput [2]
proved that the primes contain infinitely many non-trivial three term arithmetic
progressions (3AP). In 1999, with the help of the vector sieve method, Tolev [15]
proved that there exist infinitely many non-trivial 3APs {p1, p2, p3} of primes,
satisfying p1 ∈ P(2)4 , p2 ∈ P(2)5 and p3 ∈ P(2)11 .
However, in [6], with the help of the Szemere´di theorem, their transference prin-
ciple and a result of Goldston and Yıldırım, Green and Tao proved that the primes
contain arbitrarily long non-trivial arithmetic progressions. Certainly this is a re-
markable breakthrough in additive number theory. Furthermore, Green and Tao
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also claimed that using their method, one can prove that Chen’s primes contain
arbitrarily long non-trivial arithmetic progressions. And for the 3APs of Chen’s
primes, they proposed a detail proof in [5].
Let us return to the ternary Goldbach problems. In [13], using Tolev’s method,
Peneva proved that every sufficiently large odd integer n with 3 | n can be repre-
sented as n = p1 + p2 + p3 with pi ∈ P(2)ki , k1 = k2 = 5 and k3 = 8. Subsequently,
Tolev [16] improved Peneva’s result to k1 = 2, k2 = 5 and k3 = 7. Recently, Meng
[12] proved that every sufficiently large odd integer n with 3 ∤ n− 1 can be repre-
sented as n = p1 + p2 + p3, where p1 is Chen’s prime, p2 ∈ P(2)3 and p3 ∈ P (not of
special type!).
Of course, we wish to prove that every sufficiently large odd integer n with 3 | n
can be represented as the sum of three Chen’s primes. Unfortunately, as we shall
see later, it seems not easy. The key of Green and Tao’s proof in [5] is to transfer
Chen’s primes to a subset with positive density of ZN = Z/NZ (where N is a large
prime). But this density is too small. However, in the present paper, we shall
prove the following result:
Theorem 1.1. There exists a positive integer k0 such that every sufficiently large
odd integer n with 3 | n can be represented as p1 + p2 + p3, where p1, p2 are Chen’s
primes and p3 ∈ P(2)k0 .
In Sections 2 and 3, we shall estimate some exponential sums involving the
primes of special type. The proof of Theorem 1.1 will be given in Section 4.
2. The Minor Arcs
Let k0 ≥ 8 be a fixed integer and B = 69. Suppose that n is a sufficiently large
integer, W > 0 is an even integer with W ≤ (log n)B, and 1 ≤ b ≤ W satisfies
(b(b+ 2),W ) = 1. Let T denote the torus R/Z. For 1 ≤ q ≤ (logn)B, define
Ma,q = {α ∈ T : |αq − a| ≤ (log n)B/n}.
Let
M =
⋃
1≤a≤q≤(log n)B
(a,q)=1
Ma,q
and m = T \M.
Let D = n0.32 and z0 = n
1/k0 . For square-free number d = p1p2 · · ·pk with primes
p1 > p2 > · · · > pk, define Rosser’s weights with the order D by
λ+D(d) =
{
(−1)k if p1 · · · p2lp32l+1 < D for all 0 ≤ l ≤ (k − 1)/2,
0 otherwise,
and
λ−D(d) =
{
(−1)k if p1 · · · p2l−1p32l < D for all 1 ≤ l ≤ k/2,
0 otherwise.
It is easy to see that λ±D(d) = 0 if d ≥ D. Let F (s) and f(s) denote the functions
of linear sieve. The following lemma is a fundamental result in sieve method.
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Lemma 2.1 (Iwaniec [8, 9]). Suppose that P∗ is any set of primes and ω is a
multiplicative function satisfying:
0 < ω(p) < p for p ∈ P∗, ω(p) = 0 for p 6∈ P∗,
and ∏
z1≤p<z2
(
1− ω(p)
p
)−1
≤ log z2
log z1
(
1 +
L
log z1
)
for a constant L > 0 and for all 2 ≤ z1 ≤ z2. Then we have∏
p<z
(
1− ω(p)
p
)
≤
∑
d|P∗(z)
λ+D(d)
ω(d)
d
≤
∏
p<z
(
1− ω(p)
p
)
(F (s) +O(e
√
L−s(logD)−1/3)), (2.1)
provided that 2 ≤ z ≤ D, where s = logD/ log z and
P∗(z) =
∏
p∈P∗∩[1,z)
p.
Similarly,∏
p<z
(
1− ω(p)
p
)
≥
∑
d|P∗(z)
λ−D(d)
ω(d)
d
≥
∏
p<z
(
1− ω(p)
p
)
(f(s) +O(e
√
L−s(logD)−1/3)), (2.2)
provided that 2 ≤ z ≤ √D. Furthermore, for any square-free integer q,∑
d|q
λ−D(d) ≤
∑
d|q
µ(d) ≤
∑
d|q
λ+D(d). (2.3)
Define
Sn,z0(α) =
∑
p≤n
p≡b (mod W )
(p+2,P (z0))=1
e(α(p− b)/W ) log p.
Clearly
Sn,z0(α) =
∑
p≤n
p≡b (mod W )
e(α(p− b)/W ) log p
∑
d|(p+2,P (z0))
µ(d).
Let
S±n,z0(α) =
∑
p≤n
p≡b (mod W )
e(α(p− b)/W ) log p
∑
d|(p+2,P (z0))
λ±D(d).
Lemma 2.2. For any α ∈ T, we have |S+n,z0(α) − Sn,z0(α)| ≤ S+n,z0(0) − Sn,z0(0)
and |Sn,z0(α)− S−n,z0(α)| ≤ Sn,z0(0)− S−n,z0(0).
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Proof. By (2.3),
|S+n,z0(α)− Sn,z0(α)| ≤
∑
p≤n
p≡b (mod W )
log p
∣∣∣∣ ∑
d|(p+2,P (z0))
λ+(d)−
∑
d|(p+2,P (z0))
µ(d)
∣∣∣∣
=S+n,z0(0)− Sn,z0(0).
The proof of the second inequality is similar. 
Let τ denote the divisor function. It is well-known∑
d≤X
τ(d)A ≪A X(logX)2A−1
and ∑
d≤X
τ(d)A
d
≪A (logX)2A.
Lemma 2.3. Suppose that X,X ′, Y, Y ′, Z, Z ′ > 0 satisfy X ≤ X ′ ≤ 2X, Y ≤ Y ′ ≤
2Y and XY ≤ Z ≤ Z ′ ≤ X ′Y ′. For any d ≥ 1, let ud, vd, wd be complex numbers
with |ud|, |vd|, |wd| ≤ τ(d)A(log(XY ))A. Suppose that 1 ≤ a ≤ q with (a, q) = 1,
and α ∈ T with |αq − a| ≤ 1/q. Then
∑
X≤x≤X′
ux
∣∣∣∣ ∑
Y≤y≤Y ′
Z≤xy≤Z′
xy≡b (mod W )
vye(α(xy − b)/W )
∑
d|xy+2
d≤D
wd
∣∣∣∣
≪AXY (log(DXY q))22A+2τ 2A+2(W )
(
1
q
+
D2W
X
+
qW
XY
)1/4
+XY 1/2(log(DXY ))2
2A+2
τ 2A+1(W ) (2.4)
provided that X ≥ D2W . Furthermore, suppose that 0 ≤ vy1 ≤ vy2 ≤ (log(XY ))A
for any y1, y2 with y1 ≤ y2. Then
∑
X≤x≤X′
ux
∣∣∣∣ ∑
Y≤y≤Y ′
Z≤xy≤Z′
xy≡b (mod W )
vye(α(xy − b)/W )
∑
d|xy+2
d≤D
wd
∣∣∣∣
≪AXY (log(DXY q))6A+2
(
1
q
+
DW
Y
+
qW
XY
)1/4
(2.5)
provided that Y ≥ DW .
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Proof. By the Cauchy-Schwarz inequality,
( ∑
X≤x≤X′
ux
∣∣∣∣ ∑
Y≤y≤Y ′
Z≤xy≤Z′
xy≡b (mod W )
vye(α(xy − b)/W )
∑
d|xy+2
d≤D
wd
∣∣∣∣
)2
≤
( ∑
X≤x≤X′
|ux|2
)( ∑
X≤x≤X′
d1,d2≤D
wd1wd2
∑
Y≤y1,y2≤Y ′
Z≤xy1,xy2≤Z′
xy1,xy2≡b (mod W )
xyi≡−2 (mod di) for i=1,2
vy1vy2e(αx(y1 − y2)/W )
)
≪AX(logX)6A
∑
1≤b′≤W, (b′,W )=1
Y≤y1,y2≤Y ′
y1≡y2≡b′ (mod W )
d1,d2≤D
vy1vy2wd1wd2
∑
X≤x≤X′
Z≤xy1,xy2≤Z′
xb′≡b (mod W )
xyi≡−2 (mod di) for i=1,2
e(αx(y1 − y2)/W ).
We have
∑
X≤x≤X′
Z≤xy1,xy2≤Z′
xb′≡b (mod W )
xyi≡−2 (mod di) for i=1,2
e(αx(y1 − y2)/W )
=
∑
max{X,Z/y1,Z/y2}≤x≤min{X′,Z′/y1,Z′/y2}
xb′≡b (mod W )
xyi≡−2 (mod di) for i=1,2
e(αx(y1 − y2)/W )
≪min
{
X
[d1, d2,W ]
,
1
‖α[d1, d2,W ](y1 − y2)/W‖
}
,
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where ‖θ‖ = min{|θ− t| : t ∈ Z}. Hence for each 1 ≤ b′ ≤W with (b′,W ) = 1, we
have
∑
Y≤y1,y2≤Y ′
y1≡y2≡b′ (mod W )
d1,d2≤D
vy1vy2wd1wd2
∣∣∣∣ ∑
X≤x≤X′
Z≤xy1,xy2≤Z′
xb′≡b (mod W )
xyi≡−2 (mod di) for i=1,2
e(αx(y1 − y2)/W )
∣∣∣∣
≪
∑
1≤y1,y2≤Y ′
y1≡y2≡b′ (mod W )
d1,d2≤D
|vy1||vy2||wd1||wd2 |min
{
X
[d1, d2,W ]
,
1
‖α[d1, d2,W ](y1 − y2)/W‖
}
≪Y (log(XY ))6A
( ∑
h≤D2Y
τ 4A+3(hW )min
{
XY
hW
,
1
‖αh‖
}
+
X
W
∑
h≤D2
τ 4A+2(hW )
h
)
(where h = [d1, d2,W ](y1 − y2)/W if y1 > y2, and h = [d1, d2,W ]/W ) if y1 = y2
≪Y (log(DXY ))6A+1τ 4A+3(W ) max
H≤D2Y
∑
H/2≤h≤H
τ 4A+3(h)min
{
XY
HW
,
1
‖αh‖
}
+
XY τ 4A+2(W )
W
(log(DXY ))2
4A+3
.
Applying Lemma 2.2 of [17], for any H ≤ D2Y ,
∑
H/2≤h≤H
τ 4A+3(h)min
{
XY
HW
,
1
‖αh‖
}
≤
(∑
h≤H
τ 8A+6(h)
)1/2(
XY
HW
∑
h≤H
min
{
XY
hW
,
1
‖αh‖
})1/2
≪A
(
X2Y 2(log(DY q))2
8A+6
W 2
(
1
q
+
D2W
X
+
qW
XY
))1/2
.
This concludes the proof of (2.4).
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Let us turn to (2.5). Clearly
( ∑
X≤x≤X′
ux
∣∣∣∣ ∑
Y≤y≤Y ′
Z≤xy≤Z′
xy≡b (mod W )
vye(α(xy − b)/W )
∑
d|xy+2
d≤D
wd
∣∣∣∣
)2
≤
( ∑
X≤x≤X′
|ux|2
)( ∑
X≤x≤X′
∣∣∣∣ ∑
Y≤y≤Y ′
Z≤xy≤Z′
xy≡b (mod W )
vye(α(xy − b)/W )
∑
d|xy+2
d≤D
wd
∣∣∣∣
2)
≪X(logX)6A
∑
1≤b′≤W, (b′,W )=1
X≤x≤X′
x≡b′ (mod W )
d1,d2≤D
|wd1 ||wd2|
2∏
i=1
∣∣∣∣ ∑
Y≤yi≤Y ′
Z≤xyi≤Z′
yib′≡b (mod W )
xyi≡−2 (mod di)
vyie(αxyi/W )
∣∣∣∣.
By the partial summation,
∑
Y≤yi≤Y ′
Z≤xyi≤Z′
yib′≡b (mod W )
xyi≡−2 (mod di)
vyie(αxyi/W )
=vY ′
∑
1≤yi≤Y ′
Z≤xyi≤Z′
yib
′≡b (mod W )
xyi≡−2 (mod di)
e(αxyi/W )− vY
∑
1≤yi≤Y−1
Z≤xyi≤Z′
yib
′≡b (mod W )
xyi≡−2 (mod di)
e(αxyi/W )
−
∑
Y≤Y ′′≤Y ′−1
(vY ′′+1 − vY ′′)
∑
1≤yi≤Y ′′
Z≤xyi≤Z′
yib′≡b (mod W )
xyi≡−2 (mod di)
e(αxyi/W )
≪
(
vY ′ + vY +
∑
Y≤Y ′′≤Y ′−1
(vY ′′+1 − vY ′′)
)
min
{
Y
[di,W ]
,
1
‖α[di,W ]x/W‖
}
≪A(log(XY ))Amin
{
Y
[di,W ]
,
1
‖α[di,W ]x/W‖
}
.
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For any 1 ≤ b′ ≤W with (b′,W ) = 1,
∑
X≤x≤X′
x≡b′ (mod W )
d1,d2≤D
|wd1 ||wd2|
2∏
i=1
min
{
Y
[di,W ]
,
1
‖α[di,W ]x/W‖
}
≤(log(XY ))2A
∑
X≤x≤X′
x≡b′ (mod W )
(∑
d≤D
τ(d)Amin
{
Y
[d,W ]
,
1
‖α[d,W ]x/W‖
})2
≤(log(XY ))2A
∑
X≤x≤X′
x≡b′ (mod W )
(∑
h≤D
τ(hW )A+1min
{
Y
hW
,
1
‖αhx‖
})2
(where h = [d,W ]/W )
≤(log(XY ))2A
∑
X≤x≤X′
x≡b′ (mod W )
( ∑
2k≤D
∑
2k≤h≤2k+1
τ(hW )A+1min
{
Y
hW
,
1
‖αhx‖
})2
≪(log(DXY ))2A+2max
H≤D
∑
X≤x≤X′
x≡b′ (mod W )
( ∑
H/2≤h≤H
τ(hW )A+1min
{
Y
HW
,
1
‖αhx‖
})2
.
And for any H ≤ D,
∑
X≤x≤X′
x≡b′ (mod W )
( ∑
H/2≤h≤H
τ(hW )A+1min
{
Y
HW
,
1
‖αhx‖
})2
≤
∑
X≤x≤X′
x≡b′ (mod W )
(
τ(W )2A+2
∑
h≤H
τ(h)2A+2
)(
Y
HW
∑
h≤H
min
{
Y
HW
,
1
‖αhx‖
})
≪A(logD)22A+2Y
∑
1≤x≤X′H
τ(x)min
{
Y
HW
,
1
‖αx‖
}
.
Finally,
∑
1≤x≤X′H
τ(x)min
{
Y
HW
,
1
‖αx‖
}
≪
( ∑
1≤x≤X′H
τ(x)2
)1/2(
Y
HW
∑
1≤x≤X′H
min
{
X ′Y
xW
,
1
‖αx‖
})1/2
≪
(
X2Y 2(log(DXq))4
W 2
(
1
q
+
DW
Y
+
qW
XY
))1/2
.

CHEN’S PRIMES AND TERNARY GOLDBACH PROBLEM 9
Define
τk(x) = {(d1, d2, . . . , dk) : d1d2 · · · dk | x}.
Let G(x) be an arbitrary complex function over N. Consider
Type I sums ∑
M<m≤M1
L<l≤L1
P≤ml≤P1
amG(ml) and
∑
M<m≤M1
L<l≤L1
P≤ml≤P1
am(log l)G(ml)
where M1 ≤ 2M , L1 ≤ 2L, |am| ≤ τ5(m) logP ,
and
Type II sums ∑
M<m≤M1
L<l≤L1
P≤ml≤P1
amblG(ml)
where M1 ≤ 2M , L1 ≤ 2L, |am| ≤ τ5(m) logP , |bl| ≤ τ5(l) logP .
The following Lemma is due to Heath-Brown [7]:
Lemma 2.4. Let P, P1, u, v, z be positive integers satisfying 2 < P < P1 ≤ 2P ,
2 ≤ u < v ≤ z ≤ P , u2 ≤ z, 128uz2 ≤ P1, 218P1 ≤ v3. Then we may decompose
the sum ∑
P<n≤P1
Λ(n)G(n)
into O((logP )6) sums, each of which is either of type I with L ≥ z or of type II
with u ≤ L ≤ v.
Lemma 2.5. For any α ∈ m,
S±n,z0(α)≪ n(log n)6
8−B/4.
Proof. Clearly
S±n,z0(α) =
∑
n0.99≤p≤n
p≡b (mod W )
e(α(p− b)/W ) log p
∑
d|(p+2,P (z0))
λ±D(d) +O(n
0.995).
And notice that for any x ≤ n,∣∣∣∣ ∑
d|(x+2,P (z0))
λ±D(d)
∣∣∣∣ ≤ τ(x+ 2)≪ǫ nǫ.
So it suffices to estimate the sum∑
n′≤x≤n
x≡b (mod W )
Λ(x)e(α(x− b)/W )
∑
d|(x+2,P (z0))
λ±D(d), (2.6)
where n′ ≥ n/2. Since α ∈ m, there exist 1 ≤ a ≤ q with (a, q) = 1 and
(log n)B ≤ q ≤ n(log n)−B such that |αq − a| ≤ (logn)B/n. Applying Lemma 2.4
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with u = n0.17, v = n0.34 and z = n0.35, the sum (2.6) can be decomposed into
O((logn)6) type I sums∑
M<m≤M1
L<l≤L1
ml≡b (mod W )
n′≤ml≤n
ame(α(ml − b)/W )
∑
d|(ml+2,P (z0))
λ±D(d)
and ∑
M<m≤M1
L<l≤L1
ml≡b (mod W )
n′≤ml≤n
am(log l)e(α(ml − b)/W )
∑
d|(ml+2,P (z0))
λ±D(d)
with L ≥ n0.35, and type II sums∑
M<m≤M1
L<l≤L1
ml≡b (mod W )
n′≤ml≤n
amble(α(ml − b)/W )
∑
d|(ml+2,P (z0))
λ±D(d)
with n0.17 ≤ L ≤ n0.34. Noting that λ±D(d) = 0 whenever d ≥ D, in view of (2.4)
with A = 5, these type II sums are all ≪ n(logn)213−B/4. And by (2.5), all type I
sums are ≪ n(log n)67−B/4.

3. The Major Arcs
Define
∆(x; q) := max
1≤r≤q
(r,q)=1
∣∣∣∣ ∑
p≤x
p≡r (mod q)
log p− x
φ(q)
∣∣∣∣.
The well-known Bombieri-Vinogradov theorem asserts that for any A > 0∑
q≤n1/2−ǫ
max
x≤n
∆(x; q)≪A,ǫ n
(logn)A
. (3.1)
Define
φ2(q) := q
∏
2<p|q
(
1− 2
p
)
.
Lemma 3.1.
S+n,z0(0) ≤
4e−γk0S1n
φ2(W ) logn
(F (s) +O(e−s(logn)−1/3))
and
S−n,z0(0) ≥
4e−γk0S1n
φ2(W ) logn
(f(s) +O(e−s(log n)−1/3)),
where γ is Euler’s constant,
S1 =
∏
p>2
(
1− 1
(p− 1)2
)
= 0.6601 . . .
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and s = logD/ log z0.
Proof.
S+n,z0(0) =
∑
d|P (z0)
b≡−2 (mod (d,W ))
λ+D(d)
∑
p≤n
p≡b (mod W )
p≡−2 (mod d)
log p
=
∑
d|P (z0)
(d,W )=1
λ+D(d)
(
n
φ(Wd)
+O(∆(n;Wd))
)
since (W, b+ 2) = 1. Since λ+D(d) vanishes for d ≥ D, by (3.1) we have,
S+n,z0(0) =
n
φ(W )
∑
d|P (z0)
(d,W )=1
λ+D(d)
φ(d)
+O
(
n
(logn)5B
)
.
Applying (2.1),∑
d|P (z0)
(d,W )=1
λ+D(d)
φ(d)
≤
∏
p≤z0, p∤W
(
1− 1
p− 1
)
(F (s) +O(e−s(logD)−1/3)).
Similarly,
S−n,z0(0) ≥
n
φ(W )
∏
p≤z0, p∤W
(
1− 1
p− 1
)
(f(s) +O(e−s(logn)−1/3)).
Finally, by the Mertens theorem,
∏
p≤z0, p∤W
(
1− 1
p− 1
)−1
=
φ2(W )
2φ(W )
∏
2<p≤z0
(
1− 1
p− 1
)−1
=
φ2(W )
4φ(W )
(S−11 e
γ log z0 +O(1)).

Let m = (n− b)/W . Define Λ∗(x) = log x or 0 according to whether x is prime.
Lemma 3.2. Suppose that 1 ≤ a ≤ q ≤ (logn)B and (a, q) = 1. Then we have∣∣∣∣Sn,z0(a/q)− 1(W,q)=1µ(q)τ ∗(a, q)4e−γk0S1Wmφ2(Wq) log(Wm+ b)
∣∣∣∣ ≤ 5e−γk0S1(F (s)− f(s))Wmφ2(W ) log(Wm+ b) ,
(3.2)
where 1(W,q)=1 = 1 or 0 according to whether (W, q) = 1,
τ ∗(a, q) =
∑
d|q
(d,q/d)=1
e(ard/q),
and 1 ≤ rd ≤ q is the unique integer r such that Wr ≡ −b (mod d) and Wr ≡
−b− 2 (mod q/d).
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Proof. Clearly∑
1≤x≤m
(Wx+b+2,P (z0))=1
Λ∗(Wx+ b)e(ax/q) =
∑
1≤r≤q
(Wr+b,q)=1
(Wr+b+2,q)=1
e(ar/q)
∑
1≤p≤Wm+b
p≡Wr+b (mod Wq)
(p+2,P (z0))=1
log p+O(logB+1 n).
Notice that ∑
1≤p≤Wm+b
p≡Wr+b (mod Wq)
log p
∑
d|(p+2,P (z0))
λ−D(d)
≤
∑
1≤p≤Wm+b
p≡Wr+b (mod Wq)
log p
∑
d|(p+2,P (z0))
µ(d)
≤
∑
1≤p≤Wm+b
p≡Wr+b (mod Wq)
log p
∑
d|(p+2,P (z0))
λ+D(d).
From the proof of Lemma 3.1, we know that∣∣∣∣ ∑
1≤p≤Wm+b
p≡Wr+b (mod Wq)
(p+2,P (z0))=1
log p− e
−γk0S1Wm
φ2(Wq) log(Wm+ b)
∣∣∣∣
≤1.1e
−γk0S1(F (s)− f(s))Wm
φ2(Wq) log(Wm+ b)
.
By noting that W is even and (W, b(b+ 2)) = 1,∑
1≤r≤q
(Wr+b,q)=1
(Wr+b+2,q)=1
e(ar/q) =
∑
d1,d2|q
µ(d1)µ(d2)
∑
1≤r≤q
d1|Wr+b
d2|Wr+b+2
e(ar/q)
=
∑
d1d2=q
(d1,d2)=1
(d1,W )=(d2,W )=1
µ(d1)µ(d2)e(ard1/q)
=
{
µ(q)τ ∗(a, q) if (W, q) = 1,
0 otherwise.
Furthermore, we have
|{1 ≤ r ≤ q : ((Wr + b)(Wr + b+ 2), q) = 1}| = q
∏
p|q, p∤W
(
1− 2
p
)
=
φ2(Wq)
φ2(W )
.
All are done. 
Lemma 3.3. Suppose that 1 ≤ a ≤ q ≤ (log n)B and (a, q) = 1. Then for any
α ∈Ma,q,
S±n,z0(α) =
S±n,z0(a/q)
m
∑
1≤y≤m
e(θy) +O
(
m
(logm)3B
)
, (3.3)
CHEN’S PRIMES AND TERNARY GOLDBACH PROBLEM 13
where θ = α− a/q.
Proof. By the partial summation,
S±n,z0(α)
=e(θm)
∑
1≤x≤m
Λ∗(Wx+ b)e(ax/q)
∑
d|(Wx+b+2,P (z0))
λ±D(d)
−
∑
y≤m−1
(e(θ(y + 1))− e(θy))
∑
1≤x≤y
Λ∗(Wx+ b)e(ax/q)
∑
d|(Wx+b+2,P (z0))
λ±D(d).
Recalling that (W, b+ 2) = 1, write∑
1≤x≤y
Λ∗(Wx+ b)e(ax/q)
∑
d|(Wx+b+2,P (z0))
λ±D(d)
=
∑
d|P (z0)
(d,W )=1
d≤D
λ±D(d)
∑
1≤x≤y
Wx≡−b−2 (mod d)
Λ∗(Wx+ b)e(ax/q)
=
∑
d|P (z0)
(d,W )=1
d≤D
λ±D(d)
( ∑
1≤r≤q
(Wr+b,q)=1
Wr≡−b−2 (mod (d,q))
e(ar/q)
∑
1≤x≤y
x≡r (mod q)
Wx≡−b−2 (mod d)
Λ∗(Wx+ b) +O(log
B+1 n)
)
.
Now ∑
1≤x≤y
x≡r (mod q)
Wx≡−b−2 (mod d)
Λ∗(Wx+ b) =
Wy + b
φ(W [d, q])
+O(∆(Wy + b;W [d, q])).
Notice that for any d′ with q | d′, |{d : [d, q] = d′}| ≤ τ(q). Hence∑
1≤x≤y
Λ∗(Wx+ b)e(ax/q)
∑
d|(Wx+b+2,P (z0))
λ±D(d)
=
∑
d|P (z0)
(d,W )=1
d≤D
λ±D(d)
∑
1≤r≤q
(Wr+b,q)=1
Wr≡−b−2 (mod (d,q))
e(ar/q)
Wy + b
φ(W [d, q])
+O
(
Wy + b
(log(Wy + b))5B
)
.
So
S±n,z0(α) = W
∑
1≤y≤m
e(θy)
∑
d|P (z0)
(d,W )=1
d≤D
λ±D(d)
∑
1≤r≤q
(Wr+b,q)=1
Wr≡−b−2 (mod (d,q))
e(ar/q)
φ(W [d, q])
+O
(
m
(logm)3B
)
.
Setting θ → 0 in the above equation, we obtain that
W
∑
d|P (z0)
(d,W )=1
d≤D
λ±D(d)
∑
1≤r≤q
(Wr+b,q)=1
Wr≡−b−2 (mod (d,q))
e(ar/q)
φ(W [d, q])
=
S±n,z0(a/q)
m
+O
(
1
(logm)3B
)
.

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Combining Lemmas 2.2, 2.5, 3.1, 3.2 and 3.3, we get
Lemma 3.4. Suppose that 1 ≤ a ≤ q ≤ (log n)B and (a, q) = 1. Then for any
α ∈Ma,q,∣∣∣∣Sn,z0(α)− 1(W,q)=1µ(q)τ ∗(a, q)4e−γk0S1Wφ2(Wq) logn
∑
1≤y≤m
e(θy)
∣∣∣∣ ≤ 15e−γk0S1(F (s)− f(s))nφ2(W ) logn ,
(3.4)
where θ = α− a/q. Furthermore, for any α ∈ m,
|Sn,z0(α)| ≤
5e−γk0S1(F (s)− f(s))n
φ2(W ) logn
. (3.5)
Lemma 3.5.∑
p1,p2≤n
(pi+2,P (z0))=1
pi≡b (mod W )
p2−p1=WM
1≪ k
2
0nW
φ2(W )2 log
4 n
∏
p|M
p∤W
(
1 +
2
p
) ∏
p|(WM+2)(WM−2)
p∤W
(
1 +
1
p
)
. (3.6)
Proof. Let z1 = n
1/10. Let ω1 and ω2 be two multiplicative functions satisfying
that
ω1(p) =


4 if p < z0 and p ∤WM(WM − 2)(WM + 2),
3 if p < z0 and p | (WM − 2)(WM + 2), p ∤W,
2 if p < z0, p |M and p ∤W,
0 otherwise,
and
ω2(p) =


2 if z0 ≤ p < z1 and p ∤WM,
1 if z0 ≤ p < z1, p |M and p ∤W,
0 otherwise,
for prime p. And for 1 ≤ i ≤ 2, let gi be the multiplicative functions with
gi(p) =
ωi(p)
p
(
1− ωi(p)
p
)−1
for prime p, and let
G
(i)
1 (z) =
∑
l|P (z)
l<z
gi(l).
Define
λ1(d) =
d
ω1(d)
∑
l|P (z0)
d|l<z0
µ(l/d)µ(l)g1(l)
G
(1)
1 (z0)
for d | P (z0) and
λ2(d) =
d
ω2(d)
∑
l|P (z0,z1)
d|l<z1
µ(l/d)µ(l)g2(l)
G
(2)
1 (z1)
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for d | P (z0, z1) =
∏
z0≤p<z1 p. Then λ1(1) = λ2(1) = 1. Therefore∑
x1,x2≤n/W
(Wxi+b+2,P (z0))=1
(Wxi+b,P (z1))=1
x2−x1=M
1
≤
∑
x≤n/W
( ∑
d|P (z0)
d|(Wx+b)(Wx+WM+b)
d|(Wx+b+2)(Wx+WM+b+2)
λ1(d)
)2( ∑
d|P (z0,z1)
d|(Wx+b)(Wx+WM+b)
λ2(d)
)2
=
∑
d1,d2|P (z0)
d3,d4|P (z0,z1)
λ1(d1)λ1(d2)λ2(d3)λ2(d4)
∑
x≤n/W
[d3,d4]|(Wx+b)(Wx+WM+b)
[d1,d2],[d3,d4]|(Wx+b+2)(Wx+WM+b+2)
1
=
∑
d1,d2|P (z0)
d3,d4|P (z0,z1)
λ1(d1)λ1(d2)λ2(d3)λ2(d4)ω1([d1, d2])ω2([d3, d4])
(
n/W
[d1, d2][d3, d4]
+O(1)
)
.
By Selberg’s sieve method, we know that |λ1(d)|, |λ2(d)| ≤ 1 and∑
d1,d2|P (z0)
d3,d4|P (z0,z1)
λ1(d1)λ1(d2)λ2(d3)λ2(d4)
ω1([d1, d2])ω2([d3, d4])
[d1, d2][d3, d4]
=
( ∑
d1,d2|P (z0)
λ1(d1)λ1(d2)
ω1([d1, d2])
[d1, d2]
)( ∑
d3,d4|P (z0,z1)
λ2(d3)λ2(d4)
ω2([d3, d4])
[d3, d4]
)
=
1
G
(1)
1 (z0)
1
G
(2)
1 (z1)
≪
∏
p<z0
(
1− ω1(p)
p
) ∏
z0≤p<z1
(
1− ω2(p)
p
)
.
Thus ∑
x1,x2≤n/W
(Wxi+b+2,P (z0))=1
(Wxi+b,P (z1))=1
x2−x1=M
1
≪ n
W
∏
p|P (z0)
(
1− ω1(p)
p
) ∏
p|P (z0,z1)
(
1− ω2(p)
p
)
≪ n
W (log z0)2(log z1)2
∏
p|W
(
1 +
4
p
)∏
p|M
p∤W
(
1 +
2
p
) ∏
p|(WM+2)(WM−2)
p∤W
(
1 +
1
p
)
≪ k
2
0nW
φ2(W )2 log
4 n
∏
p|M
p∤W
(
1 +
2
p
) ∏
p|(WM+2)(WM−2)
p∤W
(
1 +
1
p
)
.

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Lemma 3.6. Then ∑
p1,p2,p3,p4≤n
(pi+2,P (z0))=1
pi≡b (mod W )
p1+p4=p2+p3
1≪ k
4
0Wn
3
φ2(W )4 log
8 n
. (3.7)
Proof. Applying Lemma 3.5,∑
p1,p2,p3,p4≤n
(pi+2,P (z0))=1
pi≡b (mod W )
p1+p4=p2+p3
1 ≤
∑
2<M≤n/W
( ∑
p1,p2≤n
(pi+2,P (z0))=1
pi≡b (mod W )
p1+WM=p2
1
)2
+O(n2)
≪ k
4
0n
2W 2
φ2(W )4 log
8 n
∑
2<M≤n/W
∏
p|M
p∤W
(
1 +
2
p
)2 ∏
p|(WM−2)(WM+2)
p∤W
(
1 +
1
p
)2
.
By the Ho¨lder inequality,∑
2<M≤n/W
∏
p|M
p∤W
(
1 +
2
p
)2 ∏
p|(WM−2)(WM+2)
p∤W
(
1 +
1
p
)2
≤
( ∑
2<M≤n/W
∏
p|M
(
1 +
2
p
)6)1/3 2∏
j=1
( ∑
2<M≤n/W
∏
p|WM+2(−1)j
p 6=2
(
1 +
1
p
)6)1/3
.
Since (1 + p−1)6 ≤ 1 + 24p−1,∑
2<M≤n/W
∏
p|WM±2
p 6=2
(
1 +
1
p
)6
≤
∑
2<M≤n/W
∑
d|WM±2
2∤d
τ(d)12
d
=
∑
d|n±2
(d,W )=1
τ(d)12
d
∑
2<M≤n/W
d|WM±2
1≪ n
W
.
And by [3, Lemma 14], we have∑
2<M≤n/W
∏
p|M
(
1 +
2
p
)6
≤
∑
2<M≤n/W
∏
p|M
(
1 +
1
p
)12
≪ n
W
.

4. Proof of Theorem 1.1
First, let us introduce Green and Tao’s enveloping sieve. Let N be a large
integer. Suppose that a1, . . . , ak, b1, . . . , bk be integers with |ai|, |bi| ≤ N . We say
F(x) :=
k∏
i=1
(aix+ bi).
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is a k-linear form.
For every integer q ≥ 1, define
γF(p) := q−1|{1 ≤ x ≤ q : (F(x), q) = 1}| > 0.
Let
XR!(x) = {x ∈ Z : (F(x), R!) = 1},
where 1 ≤ R ≤ N .
Lemma 4.1 ([5, Proposition 3.1]). There exists a non-negative function βR : Z→
R satisfying the following properties:
(i)
βR(x)≫k S−1F logk R 1XR!(x) (4.1)
for all integers n, where
SF :=
∏
p
γF(p)
(1− 1/p)k .
(ii)
βR(x)≪k,ǫ N ǫ (4.2)
for all 1 ≤ x ≤ N and ǫ > 0.
(iii)
βR(x) =
∑
q≤R2
∑
1≤a≤q
(a,q)=1
w(a/q)e(−ax/q), (4.3)
where w(a/q) = wR(a/q) satisfies w(1) = 1 and
|w(a/q)| ≪k,ǫ qǫ−1
for all 1 ≤ a ≤ q ≤ R2 with (a, q) = 1.
(iv) For 1 ≤ a ≤ q ≤ R2 with (a, q) = 1, if q is not square-free, or γ(q) = 1 and
q > 1, then w(a/q) = 0.
Green and Tao also established a restriction theorem for βR:
Lemma 4.2 ([5, Proposition 4.2]). Let R, N be large numbers such that 1 ≤ R ≤
N1/10. Let k, F , βR as defined in Lemma 4.1. Suppose that {ui}Ni=1 is an arbitrary
sequence of complex numbers. Then for any ρ > 2,( ∑
r∈ZN
∣∣∣∣ 1N
∑
1≤x≤N
uxβR(x)e(−xr/N)
∣∣∣∣
ρ)1/ρ
≪ρ,k
(
1
N
∑
1≤x≤N
|ux|2βR(x)
)1/2
. (4.4)
The following lemma can be derived by a trivial modification of Chen’s original
proof in [1]:
Lemma 4.3. Suppose that W is a positive integer. Then there exists a function
n0(W ) such that for every 1 ≤ b ≤W with (b(b+ 2),W ) = 1 and n ≥ n0(W ),
|{p ≤ n : p ≡ b (mod W ), p+2 ∈ P2 and (p+2, P (n1/10)) = 1}| ≥ C1
φ2(W )
n
(logn)2
,
where C1 is an absolute constant.
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Lemma 4.4. Suppose that n0(W ) is an increasing positive function for all positive
integers W , and G(n) is an increasing positive function with limn→∞G(n) = ∞.
Then there exists an increasing positive function W0(n) for sufficiently large n such
that n ≥ n0(W (n)), W0(n) ≤ G(n) and limn→∞W0(n) =∞.
Proof. Let
W0(n) = max{W ≤ G(n) : n0(W ) ≤ n}.
Clearly W0(n) is well-defined for sufficiently large n. Assume on the contrary that
limn→∞W0(n) < ∞, i.e., there exists an integer W ′ such that W0(n) < W ′ for all
n. Let n′ ≥ n0(W ′) be an integer such that G(n′) ≥W ′. Obviously such n′ exists.
But W0(n
′) ≥W ′ now. This leads to a contradiction. 
Let C2 be the implied constant in (4.1) with k = 2. Let
̟ =
min{C1C2, 1}
10000
.
Let C3 be the implied constant in (4.4) with ρ = 12/5 and k = 2. And let C4 be
the implied constant in (3.7).
Lemma 4.5. There exists 0 < κ ≤ ̟ such that we can choose 0 < δ, ǫ ≤ 1 with
ǫ6C
12/5
3 δ
−12/5+60C4δ−4 ≥ κ and
3072ǫ2(C3δ
−12/5 + 5C4δ−4) + 72C
24/13
3 C
3/13
4 δ
1/13 ≤ ̟6.
Proof. Let
δ = min
{
̟78
14413C243 C
3
4
, 1
}
and
ǫ = min
{
̟3δ2
192(C3δ−12/5 + 5C4δ−4)1/2
, 1
}
.
Clearly 3072ǫ2(C3δ
−12/5+5C4δ−4)+72C
24/13
3 C
3/13
4 δ
1/13 ≤ ̟6. So we may arbitrarily
choose a κ satisfying
κ ≤ min{ǫ6C12/53 δ−12/5+60C4δ−4 , ̟}.

Let κ be a small constant satisfying the requirements of Lemma 4.5. Notice
that f(s) is increasing, F (s) is decreasing and F (s), f(s) = 1 + O(e−s). Choose a
sufficiently large k0 satisfying that
20(F (k0/4)− f(k0/4)) ≤ κ2.
Suppose that n is a sufficiently large integer. Let w = w(n) be a positive function
satisfying P (w) ≤ logn, n ≥ n0(P (w)) (where n0 is defined in Lemma 4.3) and
limn→∞w(n) = ∞. By Lemma 4.4, such w exists. Let W = P (w). The following
lemma can be easily verified:
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Lemma 4.6. For any odd integer n with 3 | n, there exist 1 ≤ b1, b2, b3 ≤ W with
(bi(bi + 2),W ) = 1 such that
n ≡ b1 + b2 + b3 (mod W ).
Furthermore, if n ≡ 4 (mod 6), then there exist 1 ≤ b1, b2 ≤ W with (bi(bi +
2),W ) = 1 such that
n ≡ b1 + b2 (mod W ).
Now suppose that n is odd. Suppose that 1 ≤ b1, b2, b3 ≤ W are integers
satisfying (bi(bi + 2),W ) = 1 and n ≡ b1 + b2 + b3 (mod W ). Let n′ = (n − b1 −
b2 − b3)/W .
Let N be a prime in the interval [(1 + κ2/20)n/W, (1 + κ2/10)n/W ] and R =
N1/10. Thanks to the prime number theorem, such a prime N always exists when-
ever n is sufficiently large. Let Fi(x) = (Wx + bi)(Wx + bi + 2) for i = 1, 2.
Substituting N, R, Fi to Lemma 4.1, we get the desired functions βi = βi,R for
i = 1, 2.
Let
Ai = {x ≤ (n−bi)/2W : Wx+bi is Chen’s prime and (Wx+bi+2, P (n1/10)) = 1},
for i = 1, 2, and define
ai(x) = 1Ai(x)
C2S
−1
1
1000
φ2(W )(log(Wx+ bi))
2
n
.
By Lemma 4.3, clearly we have∑
x
ai(x) ≥ (1− κ)C2S
−1
1
1000
φ2(W )(logn)
2|Ai|
n
≥ 6̟, (4.5)
whenever n is sufficiently large.
On the other hand, it is easy to see that
SFi =
∏
p|W
p>2
1
(1− 1/p)2
∏
p∤W
1− 2/p
(1− 1/p)2 =
∏
p|W
p>2
p
p− 2
∏
p>2
(
1− 1
(p− 1)2
)
=
WS1
φ2(W )
.
Hence by (4.1), for any x
βi(x) ≥ C2φ2(W )S
−1
1
W
(logR)21Ai(x) ≥ Nai(x). (4.6)
Let
A3 = {x ≤ (n− b3)/W : Wx+ b3 is prime and (Wx+ b3 + 2, P (n1/k0)) = 1}.
and define
a3(x) = 1A3(x)
eγφ2(W ) log(Wx+ b3) logn
4k0S1n
.
In view of Lemmas 2.2 and 3.1, we also have∑
x
a3(x) =
eγφ2(W ) logn
4k0S1n
Sn,n1/k0 (0) ∈ [1− κ2, 1 + κ2]. (4.7)
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Below we identify the set {1, 2, . . . , N} with the group ZN = Z/NZ. If there
exist x1 ∈ A1, x2 ∈ A2 and x3 ∈ A3 satisfying x1 + x2 + x3 = n′ in ZN , then the
equality also holds in Z. In fact, since x1 + x2 ≤ n/W and x3 < n/W in Z, we
must have x1 + x2 + x3 < n
′ +N in Z.
For any function f : ZN → C, define
f˜(r) =
∑
x∈ZN
f(x)e(−xr/N).
Lemma 4.7. Let νi = βi/N , then for any r ∈ ZN ,
|ν˜i(r)− 1r=0| ≤ C5w−1/2,
where C5 is an absolute constant and 1r=0 = 1 or 0 according to whether r = 0.
Proof. See [5, Lemma 6.1]. (Notice that our definitions are a little different from
Green and Tao’s.) 
Lemma 4.8. For any 0 6= r ∈ ZN ,
|a˜3(r)| ≤ 2
w − 2 + 0.9κ
2.
Proof. If r/N ∈ m, then by Lemma 3.4, we have
|a˜3(r)| = e
γφ2(W ) logn
k0S1n
|Sn,n1/k0 (r/N)| ≤
2
5
κ2.
Suppose that there exist 1 ≤ a ≤ q ≤ (log n)B with (a, q) = 1 such that r/N ∈
Ma,q. Then applying Lemma 3.4,
|a˜3(r)| ≤ φ2(W ) logn
k0S1n
(
1(W,q)=1|τ ∗(a, q)|k0S1W
φ2(Wq) logn
∣∣∣∣ ∑
1≤y≤m
e(θy)
∣∣∣∣+ 7k0S1κ2n10φ2(W ) logn
)
,
where m = (n − b)/W and θ = r/N − a/q. Recall that τ ∗(a, q) = 0 whenever
(W, q) > 1. And if a = q = 1, since r 6= 0,∣∣∣∣ ∑
1≤y≤m
e(yr/N)
∣∣∣∣ ≤
∣∣∣∣ ∑
1≤y≤N
e(yr/N)
∣∣∣∣+N −m ≤ κ210N.
Suppose that q > 1 and (W, q) = 1. Then by noting W =
∏
p<w p,
φ2(W )|τ ∗(a, q)|
φ2(Wq)
≤ φ2(W )|{d | q : (d, q/d) = 1}|
φ2(Wq)
≤ 2
w − 2 ,
since q has at least one prime divisor not less than w. Finally, we have WN ≤
1.1n. 
Suppose that δ, ǫ > 0 are two small numbers to be chosen later. For 1 ≤ i ≤ 3,
let
Ri = {r ∈ ZN : |a˜i(r)| > δ},
Bi = {x ∈ ZN : ‖xr/N‖ ≤ ǫ},
and define bi = 1Bi/|Bi|.
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Lemma 4.9.
|R3| ≤ 60C4δ−4.
Proof. By (3.7),∑
r∈ZN
|a˜3(r)|4 =N
∑
x1,x2,x3,x4∈ZN
x1+x4=x2+x3
a3(x1)a3(x2)a3(x3)a3(x4)
≤N
(
eγφ2(W )(logn)
2
4k0S1n
)4 ∑
p1,p2,p3,p4≤n
(pi+2,P (n1/k0))=1
pi≡b3 (mod W )
p1+p4=p2+p3
1
≤C4e4γ(4S1)−4NW
n
.
Hence
|R3| ≤
∑
r∈ZN
δ−4|a˜3(r)|4 ≤ e4γ(4S1)−4.

Lemma 4.10.
|R1|, |R2| ≤ 6C12/53 δ−12/5
provided that w ≥ C25 .
Proof. Suppose that i ∈ {1, 2}. Let ux = ai(x)/νi(x) or 0 according to whether
νi(x) 6= 0. By (4.6), clearly 0 ≤ ux ≤ 1. If w ≥ C25 , by Lemma 4.7 we have
ν˜i(0) ≤ 2. Applying (4.4),
∑
r∈ZN
∣∣∣∣ ∑
1≤x≤N
uxνi(x)e(−xr/N)
∣∣∣∣
12/5
≤C12/53
( ∑
1≤x≤N
|ux|2νi(x)
)6/5
≤C12/53 |ν˜i(0)|6/5
≤6C12/53 .
It follows that |Ri| ≤ 6C12/53 δ−12/5. 
Lemma 4.11.
|Bi| ≥ ǫ|Ri|N.
Proof. This is a simple application of the pigeonhole principle (cf. [14, Lemma
1.4]). 
For two functions f, g : ZN → C. Define
f ∗ g(x) =
∑
y∈ZN
f(y)g(x− y).
It is easy to check that (˜f ∗ g) = f˜ g˜. Let a′i = ai ∗ bi ∗ bi for 1 ≤ i ≤ 3.
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Lemma 4.12. Suppose that ǫ|R3| ≥ (2/(w−2)+0.9κ2)κ−1. Then for any x ∈ ZN ,
|a′3(x)| ≤
1 + 2κ
N
.
Proof.
|a′3(x)| =|a3(x) ∗ b3(x) ∗ b3(x)|
≤ 1
N
|a˜3(0)||b˜3(0)|2 + 1
N
∑
r 6=0
|a˜3(r)b˜3(r)2|
≤ 1
N
|a˜3(0)||b˜3(0)|2 + 1
N
max
r 6=0
|a˜3(r)|
∑
r∈ZN
|b˜3(r)|2
≤1 + κ
2
N
+
1
|B3|
(
2
w − 2 + 0.9κ
2
)
,
where we used Lemma 4.8 in the last step. Thus the desired result easily follows
from Lemma 4.11. 
Lemma 4.13. Let i ∈ {1, 2}. Suppose that ǫ|Ri| ≥ C5κ−1w−1/2 and C5w−1/2 ≤ κ.
Then for any x ∈ ZN ,
|a′i(x)| ≤
1 + 2κ
N
.
Proof. Since νi(x) ≥ ai(x), applying Lemma 4.7
|a′i(x)| ≤|νi(x) ∗ bi(x) ∗ bi(x)|
≤ 1
N
|ν˜i(0)||b˜i(0)|2 + 1
N
max
r 6=0
|ν˜i(r)|
∑
r∈ZN
|b˜i(r)|2
≤1 + C5w
−1/2
N
+
C5w
−1/2
|Bi| .
We are done. 
Lemma 4.14. For 1 ≤ i ≤ 3,
|1− b˜i(r)| ≤ 16ǫ2
for any r ∈ Ri.
Proof. See the proof of Lemma 6.7 of [4]. 
Lemma 4.15. Suppose that w ≥ C25 . Then∣∣∣∣ ∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a
′
1(x1)a
′
2(x2)a
′
3(x3)−
∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a1(x1)a2(x2)a3(x3)
∣∣∣∣
≤3072ǫ
2(C
12/5
3 δ
−12/5 + 5C4δ−4) + 72C
24/13
3 C
3/13
4 δ
1/13
N
.
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Proof. Clearly∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a1(x1)a2(x2)a3(x3) =
1
N
∑
r∈ZN
a˜1(r)a˜2(r)a˜3(r)e(n
′r/N).
Hence ∣∣∣∣ ∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a
′
1(x1)a
′
2(x2)a
′
3(x3)−
∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a1(x1)a2(x2)a3(x3)
∣∣∣∣
≤ 1
N
∑
r∈ZN
|a˜1(r)a˜2(r)a˜3(r)(1− b˜1(r)2b˜2(r)2b˜3(r)2)|.
Since w ≥ C25 , for i = 1, 2,
|a˜i(r)| ≤ |a˜i(0)| ≤ |ν˜i(0)| ≤ 2.
We also have
|a˜3(r)| ≤ |a˜3(0)| ≤ 1 + κ2.
If r ∈ R1 ∩R2 ∩ R3, then by Lemma 4.14,
|1− b˜i(r)2| ≤ |1− b˜i(r)|(1 + |b˜i(r)|) ≤ |1− b˜i(r)|(1 + |b˜i(0)|) ≤ 32ǫ2.
So
|1− b˜1(r)2b˜2(r)2b˜3(r)2|
≤|1− b˜1(r)2|+ |b˜1(r)|2|1− b˜2(r)2|+ |b˜1(r)b˜2(r)|2|1− b˜3(r)2|
≤96ǫ2.
Thus∑
r∈R1∩R2∩R3
|a˜1(r)a˜2(r)a˜3(r)(1− b˜1(r)2b˜2(r)2b˜3(r)2)| ≤768ǫ2 min
1≤i≤3
|Ri|
≤256ǫ2(12C12/53 δ−12/5 + 60C4δ−4).
On the other hand, by the Ho¨lder inequality,∑
r 6∈R1∩R2∩R3
|a˜1(r)a˜2(r)a˜3(r)(1− b˜1(r)2b˜2(r)2b˜3(r)2)|
≤2
∑
r 6∈R1∩R2∩R3
|a˜1(r)a˜2(r)a˜3(r)|
≤2 max
r 6∈R1∩R2∩R3
|a˜1(r)a˜2(r)a˜3(r)|1/13
∑
r∈ZN
|a˜1(r)a˜2(r)a˜3(r)|12/13
≤4δ1/13
( ∑
r∈ZN
|a˜1(r)|12/5
)5/13( ∑
r∈ZN
|a˜2(r)|12/5
)5/13( ∑
r∈ZN
|a˜3(r)|4
)3/13
≤4δ1/13(6C12/53 )10/13(60C4)3/13.

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Lemma 4.16. Suppose that 0 < θ1, θ2, θ3 6 1 with θ1 + θ2 + θ3 > 1. Let
θ = min{θ1, θ2, θ3, (θ1 + θ2 + θ3 − 1)/4}.
Suppose that N is a prime greater than 2θ−2, and X1, X2, X3 are subsets of ZN
with |Xi| > θiN . Then for any y ∈ ZN , we have
|{(x1, x2, x3) : xi ∈ Xi, x1 + x2 + x3 = y}| ≥ θ3N2.
Proof. See [11, Lemma 3.3]. 
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. For 1 ≤ i ≤ 3, let
A′i = {x ∈ ZN : a′i(x) ≥ ̟/N}.
In view of (4.7) and Lemma 4.12,
1 + 2κ
N
|A′3|+
̟
N
(N − |A′3|) ≥
∑
x∈ZN
a
′
3(x) =
∑
x∈ZN
a3(x) ≥ 1− κ2.
Therefore |A′3| ≥ (1− 3̟)N . Similarly, by (4.5) and Lemma 4.13, for i = 1, 2
1 + 2κ
N
|A′i|+
̟
N
(N − |A′i|) ≥
∑
x∈ZN
ai(x) ≥ 6̟.
Hence |A′1|, |A′2| ≥ 92̟N . Since |A′1| + |A′2| + |A′3| ≥ (1 + 6̟)N , with the help of
Lemma 4.16, ∑
x1∈A′1, x2∈A′2, x3∈A′3
x1+x2+x3=n′
1 ≥ 2̟3N2.
By Lemma 4.5, we may choose 0 < δ, ǫ ≤ 1 with ǫ6C12/53 δ−12/5+60C4δ−4 ≥ κ satis-
fying
3072ǫ2(C
12/5
3 δ
−12/5 + 5C4δ
−4) + 72C24/133 C
3/13
4 δ
1/13 ≤ ̟6.
Notice that w = w(n) tends to infinity with n. So we may assume that w ≥
max{20κ−2+2, C25κ−4}. Since max1≤i≤3 |Ri| ≤ 6C12/53 δ−12/5+6C4δ−4, the require-
ments of Lemmas 4.12, 4.13 and 4.15 are obviously satisfied.
Applying Lemma 4.15,∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a1(x1)a2(x2)a3(x3)
≥
∑
x1,x2,x3∈ZN
x1+x2+x3=n′
a
′
1(x1)a
′
2(x2)a
′
3(x3)−
3072ǫ2(C
12/5
3 δ
−12/5 + 5C4δ−4) + 72C
24/13
3 C
3/13
4 δ
1/13
N
≥
∑
x1∈A′1, x2∈A′2, x3∈A′3
x1+x2+x3=n′
(
̟
N
)3
− ̟
6
N
≥̟
6
N
.
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This completes the proof. 
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